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Abstract
Alexei Kotov and Thomas Strobl have introduced a covariantized formulation of Yang-
Mills-Higgs gauge theories whose main motivation was to replace the Lie algebra with Lie
algebroids. This allows the introduction of a possibly non-flat connection ∇ on this bundle,
after also introducing an additional 2-form ζ in the field strength. We will study this theory
in the simplified situation of Lie algebra bundles, i.e. only massless gauge bosons, and we
will provide a physical motivation of ζ. Moreover, we classify ∇ using the gauge invariance,
resulting into that ∇ needs to be a Lie derivation law covering a pairing Ξ, as introduced
by Mackenzie. There is also a field redefinition, keeping the physics invariant, but possibly
changing ζ and the curvature of ∇. We are going to study whether this can lead to a classical
theory, and we will realize that this has a strong correspondence to Mackenzie’s study about
extending Lie algebroids with Lie algebra bundles. We show that Mackenzie’s obstruction
class is also an obstruction for having non-flat connections which are not related to a flat
connection using the field redefinitions. This class is related to d∇ζ, a tensor which also
measures the failure of the Bianchi identity of the field strength and which is invariant under
the field redefinition. This tensor will also provide hints about whether ζ can vanish after a
field redefinition.
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1. Introduction
The research concerns curved Yang-Mills-Higgs gauge theories (short: CYMH GT), introduced
by Alexei Kotov and Thomas Strobl,1 where essentially the structural Lie algebra together
with its action on the manifold N of values of the Higgs field is replaced by a general Lie
algebroid E → N . We introduce Lie algebroids later, but one possible difference is that we now
have structure functions instead of constants as usually in gauge theory and particle physics.
Moreover, this Lie algebroid is equipped with a connection, a metric on the base, a fibre metric
on E, and, last but not least, a 2-form ζ on N with values in E which contributes to the field
strength. Gauge invariance of the Yang-Mills type functional leads to several compatibility
conditions to be satisfied between these structures. When the connection ∇ on E is flat, the
compatibilities imply that the Lie algebroid is locally a so-called action Lie algebroid, and one
gets back to the standard Yang-Mills-Higgs gauge theory when additionally ζ ≡ 0. Thus, the
theory represents a covariantized version of gauge theory equipped with an additional 2-form
ζ. When ∇ is flat we say in general that we have a pre-classical gauge theory, and when
additionally ζ ≡ 0 we have a classical gauge theory.
1See e.g. [1].
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The 2-form ζ is needed to allow non-flat connections, because otherwise only flat connections
could satisfy the compatibility conditions. But ζ may not just be an auxiliary map, there is
also a field redefinition for the classical formulation of gauge theory which keeps the Lagrangian
invariant but it is adding this 2-form to the existing theory. It is then natural to study a gauge
theory where ζ is non-zero and cannot be transformed to zero by the mentioned field redefinition.
This field redefinition leads also to transformations of some other data, without violating the
compatibility conditions. Most noteworthy, it also permits to change the curvature of ∇ and not
only to change or to create ζ. The main motivation of this paper is to answer the question when
such a field redefinition leads to a pre-classical or even classical theory, but in the simplified
setting of using Lie algebra bundles and not general Lie algebroids.
After some basic definitions in §2, we state in §3 what CYMH GT explicitly means in the
simplified situation using just Lie algebra bundles K → N , which means that we only consider
massless gauge bosons for simplicity. Afterwards we discuss the field redefinitions in that situa-
tion, and provide the mentioned physical motivation for ζ. Hereafter, we start with a discussion
about whether there is a field redefinition making ∇ flat:
In §4 we will see that the compatibility conditions imply that the connection will be equivalent
to a so-called Lie derivation law covering a pairing Ξ of TN with the Lie algebra
bundle K as introduced in [2, §7.2, Mackenzie writes coupling instead of pairing; page 271ff.].
Ξ is essentially a Lie algebroid morphism of TN to the outer Lie bracket derivations of K,
and Mackenzie has shown that Ξ induces a differential with which we can define a cohomology
class of d∇ζ, denoted as
[
d∇ζ
]
Ξ
, which is an invariant of the field redefinition. Using that
terminology, we will see in §5 that the question about whether we have a field redefinition
transforming the gauge theory into a pre-classical one, has a strong relation to Mackenzie’s study
about extending Lie algebroids with Lie algebra bundles.
[
d∇ζ
]
Ξ
is precisely the obstruction
class Obs(Ξ) introduced by Mackenzie. When this obstruction class is trivial, then there is an
extension of TN by K as Lie algebroid over N ; moreover, this obstruction class is independent
of the specific choice of ∇ and ζ, and the field redefinitions are precisely just transformations to
any other Lie derivation law covering the same pairing. This allows to answer a question, coming
from a physical context, with the results about extensions of Lie algebroids. We basically will
arrive at statements about when a gauge theory can be classically described:
Theorem 1.1: Obstruction of CYMH GTs on LABs
Let (K,Ξ) be a pairing of TN with Obs(Ξ) 6= 0 and such that the fibre Lie algebra g
admits an ad-invariant scalar product.
Then we can construct a CYMH GT for which there is no field redefinition so that it
would become pre-classical.
Due to the results of Mackenzie, we can immediately derive that locally, i.e. over a contractible
base manifold N , there is always a field redefinition transforming the initial gauge theory to a
pre-classical one. But globally there are examples with Obs(Ξ) 6= 0. There are even Lie algebra
bundles with Obs(Ξ) = 0 but without the existence of a field redefinition making the theory
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pre-classical, that is then possible due to the fact that their base manifold is not contractible.
In §6 we finally start discussing whether there is a field redefinition making ζ zero. While,
locally, ∇ can be transformed to a flat connection, ζ may not necessarily vanish, and this is also
again related to d∇ζ: With the condition d∇ζ 6= 0 we are able to show that there is then no
field redefinition leading to a vanishing ζ. Additionally, we provide a canonical construction of
a gauge theory with d∇ζ 6= 0, starting with a standard/classical Yang-Mills gauge theory.
Finally, in §7, we turn to the discussion about a possible physical meaning of d∇ζ 6= 0. We
are going to see that it measures the failure of the Bianchi identity of the new field strength,
i.e. d∇ζ = 0 if and only if the Bianchi identity is satisfied.
2. Basic definitions
In the following, we denote with V ∗ the dual of a vector bundle V → N over a smooth manifold
N , and X∗V denotes the pull-back of V by X :M → N , a smooth map from a smooth manifold
M to N . We have a similar notation for the pull-back of sections, especially we will have sections
F as an element of Γ
((⊗l
m=1E
∗
m
)
⊗ El+1
)
, where E1, . . . El+1 → N (l ∈ N) are real vector
bundles of finite rank over a smooth manifold N , and Γ(·) denotes the space of smooth sections.
Then we view the pull-back X∗F as an element of Γ
((⊗l
m=1(X
∗Em)
∗
)
⊗X∗El+1
)
, and it is
essentially given by
(X∗F )(X∗ν1, . . . ,X
∗νl) = X
∗(F (ν1, . . . , νl))
for all ν1 ∈ Γ(E1), . . . , νl ∈ Γ(El). In general we also make use of that sections of X
∗E can be
viewed as sections of E along X, where E
π
→ N is any vector bundle over N . Let µ ∈ Γ(X∗E),
then it has the form µp = (p, up) for all p ∈M , where up ∈ EX(p), the fibre of E at X(p); and a
section ν of E along X is a smooth map M → E such that π ◦ν = X. Then on one hand pr2 ◦µ
is a section along X, where pr2 is the projection onto the second component, and on the other
hand M ∋ p 7→ (p, νp) defines an element of Γ(X
∗E). With that one can show that there is a
1:1 correspondence of Γ(X∗E) with sections along X. We do not necessarily mention it when
we make use of that identification, it should be clear by the context.
Additionally, with Ωk(N ;E) (k ∈ N0) we denote k-forms on N with values in a vector bundle
E → N , and recall the following wedge product2 of forms with values in a vector bundle E and
values in its space of endomorphisms End(E),
∧ : Ωk(N ; End(E))× Ωl(N ;E) 7→ Ωk+l(N ;E)
(T, ω) 7→ T ∧ ω
for all k, l ∈ N0, given by
(T ∧ ω)(Y1, . . . , Yk+l) :=
1
k!l!
∑
σ∈Sk+l
sgn(σ) T
(
Yσ(1), . . . , Yσ(k)
)(
ω
(
Yσ(k+1), . . . , Yσ(k+l)
))
, (1)
2As also defined in [3, §5, third part of Exercise 5.15.12; page 316].
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where Sk+l is the group of permutations {1, . . . , k+ l}. This is then locally given by, with respect
to a frame (ea)a of E,
T ∧ ω = T (ea) ∧ w
a,
where T acts as an endomorphism on ea, i.e. T (ea) ∈ Ω
k(N ;E), and ω = ωa ⊗ ea. Also recall
that there is the canonical extension of ∇ on End(E) by forcing the Leibniz rule. We still denote
this connection by ∇, too.
We also need the following definitions.
Definition 2.1: Graded extension of products
Let l ∈ N and E1, . . . El+1 → N be real vector bundles of finite rank over a smooth
manifold N , let M be another smooth manifold, X : M → N a smooth map and F ∈
Γ
((⊗l
m=1E
∗
m
)
⊗ El+1
)
. Then we define the graded extension of F as
Ωk1(N ;E1)× · · · × Ω
kl(N ;El)→ Ω
k(N ;El+1),
(A1, . . . , Al) 7→ F (A1 ∧, . . . ∧, Al),
where k := k1 + . . . kl and ki ∈ N0 for all i ∈ {1, . . . , l}. F (A1 ∧, . . . ∧, Al) is defined as an
element of Ωk(N ;El+1) by
F (A1 ∧, . . . ∧, Al)(Y1, . . . , Yk) :=
1
k1! · · · · · kl!
∑
σ∈Sk
sgn(σ) F
(
A1
(
Yσ(1), . . . , Yσ(k1)
)
, . . . , Al
(
Yσ(k−kl+1), . . . , Yσ(k)
))
for all Y1, . . . , Yk ∈ X(N), where Sk is the group of permutations of {1, . . . , k} and sgn(σ)
the signature of a given permutation σ.
∧, may be written just as a comma when a zero-form is involved.
Locally, with respect to given frames
(
e
(i)
ai
)
ai
of Ei, this definition has the form
F (A1 ∧, . . . ∧, Al) = F
(
e(1)a1 , . . . , e
(l)
al
)
⊗Aa11 ∧ . . . ∧A
al
l
for all Ai = A
ai
i ⊗ e
(i)
ai , where A
ai
i are ki-forms.
Remarks 2.2.
• Assume F ∈ Γ
((∧l
m=1 T
∗N
)
⊗ E
)
∼= Ωl(N ;E) for some vector bundle E, i.e. F is an l-
form on N with values in E. The pull-back X∗F by X can be then viewed as an element of
Γ
(∧l
m=1(X
∗TN)∗ ⊗X∗E
)
.
Do not confuse this pull-back with the pull-back of forms, here denoted by X !F , which is an
element of Γ
((∧l
m=1 T
∗M
)
⊗X∗E
)
∼= Ωl(M ;X∗E) defined by(
X !F
)
(Y1, . . . , Yl)
∣∣∣
p
:= FX(p)
(
DpX
(
Y1|p
)
, . . . ,DpX
(
Yl|p
))
(2)
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for all p ∈M and Y1, . . . , Yl ∈ X(M), where DX is the total differential of X (also called tangent
map). In the following we view DX as an element of Ω1(M ;X∗TN) by X(M) ∋ Y 7→ DX(Y ),
where DX(Y ) ∈ Γ(X∗TN),M ∋ p 7→ DpX(Yp). Then
X !F =
1
l!
(X∗F )(DX ∧, . . . ∧, DX︸ ︷︷ ︸
l times
) (3)
by using the anti-symmetry of F and Def. 2.1, i.e.
1
l!
(
(X∗F )(DX ∧, . . . ∧, DX)
)
(Y1, . . . , Yl)
∣∣∣∣
p
=
1
l!
∑
σ∈Sl
sgn(σ) (X∗F )
(
DX
(
Yσ(1)
)
, . . . ,DX
(
Yσ(l)
))
︸ ︷︷ ︸
=sgn(σ) (X∗F )(DX(Y1),...,DX(Yl))
∣∣∣
p
=
1
l!

∑
σ∈Sl
1


︸ ︷︷ ︸
=l!
FX(p)
(
DpX
(
Y1|p
)
, . . . ,DpX
(
Yl|p
))
=
(
X !F
)
(Y1, . . . , Yl)
∣∣∣
p
for all p ∈M and Y1, . . . , Yl ∈ X(M).
• This generalizes the expression for [A ∧, A]g often given in gauge theory for A ∈ Ω
1(N ; g) as
e.g. defined in [3, §5, Definition 5.5.3; page 275], where [·, ·]g is the Lie bracket of a Lie algebra
g. To observe this, take a trivial Lie algebra bundle N × g → N with a field of Lie brackets
[·, ·]K ∈ Γ
(∧2K∗ ⊗K), which restricts to [·, ·]g on each fibre. Take a a constant frame (ea)a of
K and view A as an element of Ω1(N ;K), then
[A ∧, A]K(Y,Z)|p = [Ap(Yp), Ap(Zp)]g − [Ap(Zp), Ap(Yp)]g = 2 [Ap(Yp), Ap(Zp)]g
for all Y,Z ∈ X(N) and p ∈ N , and locally
[A ∧, A]K = [ea, eb]g ⊗A
a ∧Ab (4)
by writing A = Aa ⊗ ea, where we view sections of K as smooth maps N → g.
We also need to know what a Lie algebroid is, a generalization of both, tangent bundles and
Lie algebras; this concept will just be defined, refer to the references for thorough discussions
of these definitions, especially [2] and [4, §VII; page 113ff.]. For the final statements and the
context it is not necessarily important to know what a general Lie algebroid is.
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Definition 2.3: Lie algebroid,
[2, §3.3, first part of Definition 3.3.1; page 100]
Let E → N be a real vector bundle of finite rank. Then E is a smooth Lie algebroid if
there is a bundle map ρ : E → TN , called the anchor, and a Lie algebra structure on
Γ(E) with Lie bracket [·, ·]E satisfying
[µ, fν]E = f [µ, ν]E + ρ(µ)(f) ν (5)
for all f ∈ C∞(N) and µ, ν ∈ Γ(E), where ρ(µ)(f) is the action of the vector field ρ(µ) on
the function f by derivation. We will sometimes denote a Lie algebroid by (E, ρ, [·, ·]E).
Tangent bundles are a canonical example of Lie algebroids, their anchor is the identity with
which we also equip them; another canonical example with zero anchor are the Lie algebra
bundles:
Definition 2.4: Lie algebra bundle (LAB), [2, Definition 3.3.8; page 104]
Let g be a Lie algebra. A Lie algebra bundle, or LAB, is a vector bundle K → N
equipped with a field of Lie algebra brackets [·, ·]K : Γ(K) × Γ(K) → Γ(K), i.e. [·, ·]K ∈
Γ
(∧2K∗ ⊗K) such that it restricts to the Lie algebra bracket of g on each fibre, and
such that K admits an atlas {ψi : K|Ui → Ui×g} subordinate to some open covering (Ui)i
of N in which each induced ψi,p : Kp → g is a Lie algebra isomorphism, where p ∈ Ui, Kp
the fiber at p, ψi,p := pr2 ◦ ψi|Kp and pr2 is the projection onto the second factor.
We need to know a special kind of morphism of Lie algebroids over the same base.
Definition 2.5: Base-preserving morphism of Lie algebroids,
[2, §3.3, second part of Definition 3.3.1; page 100]
Let
(
E1, ρE1, [·, ·]E1
)
and
(
E2, ρE2 , [·, ·]E2
)
be two Lie algebroids over the same base ma-
nifold N . Then a morphism of Lie algebroids φ : E1 → E2 over N , or a base-
preserving morphism of Lie algebroids, is a vector bundle morphism with
ρE2 ◦ φ = ρE1 ,
φ
(
[µ, ν]E1
)
= [φ(µ), φ(ν)]E2
for all µ, ν ∈ Γ(E1).
When φ is additionally an isomorphism of vector bundles then we call it an isomorphism
of Lie algebroids over N , or a base-preserving isomorphism of Lie algebroids.
As it can be seen by this definition, when we speak about vector bundle morphisms, then we
always mean base-preserving ones, even when we do not explicitly mention this.
Related to some of these and following definitions we need some identities for the following.
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These are generalizations of many identities known in standard gauge theory and/or related to
pull-backs. The identities and their proofs are very natural and straightforward, which is the
reason why you can find them in the appendix A.
3. (Curved) Yang-Mills-Higgs gauge theories on Lie algebra bundles
Let us now start to look at covariantized gauge theories in the situation of Lie algebra bundles.
What does it mean to have a (curved) Yang-Mills-Higgs gauge theory, as e.g. introduced in [1]?
With gauge theory we just mean the infinitesimal gauge transformations, and the definitions
are motivated by classical gauge theories with trivial principal bundle. Let us summarise the
theory of Alexei Kotov and Thomas Strobl in the situation of LABs, whose physical context
is then given by a Yang-Mills-Higgs gauge theory with just massless gauge bosons. The latter
is the reason why we call the Higgs field X just as an additional free physical field (here
always given by a Lagrangian similar to the Higgs field, but without minimal coupling to the
gauge bosons). In Remark 3.8, we give another motivation about deriving this theory, different
to the original one.
Situation 3.1: CYMH GT for Lie algebra bundles,
[1, but here a simplified and coordinate-free version in the set-
ting of Lie algebra bundles]
Let g be a real finite-dimensional Lie algebra with Lie bracket [·, ·]g. With
g (K, [·, ·]K)
N
we denote an LAB over a smooth manifold N with Lie algebra structure inherited by g,
with its field [·, ·]K ∈ Γ
(∧2K∗ ⊗K) of Lie brackets which restricts to the Lie bracket
[·, ·]g on each fibre.
Let (M,η) be a spacetime M with its spacetime metric η, and X : M → N a smooth
map. For defining terms like the field strength we need to have a Lie algebra bundle
structure over M itself and therefore we look at the vector bundle pull-back X∗K. X∗K
has also the structure of an LAB with a field of Lie brackets denoted by [·, ·]X∗K ∈
Γ
(∧2X∗(K∗)⊗X∗K), which restricts to [·, ·]g on each fibre, too. This bracket is given
by
[·, ·]X∗K = X
∗([·, ·]K),
where we view [·, ·]K as a section when making the pull-back. Hence, we arrive at:
7
3 (CURVED) YANG-MILLS-HIGGS GAUGE THEORIES ON LIE ALGEBRA
BUNDLES
(X∗K, [·, ·]X∗K) (K, [·, ·]K)
(M,η) NX
Let us also fix a vector bundle connection ∇ onK, and therefore also a connection onX∗K
by using the definition of the pull-back connection, X∗∇. We also have ζ ∈ Ω2(N ;K)
such that
∇Y ([µ, ν]K) = [∇Y µ, ν]K + [µ,∇Y ν]K , (6)
R∇(Y,Z)µ = [ζ(Y,Z), µ]K (7)
for all Y,Z ∈ X(N) and µ, ν ∈ Γ(K), where R∇ is the curvature of ∇. These are the
compatibility conditions.
The field of gauge bosons will be represented by
A ∈ Ω1(M ;X∗K)
i.e. a one-form on M with values in X∗K. The field strength G is then defined as an
element of Ω2(M ;X∗K) by
GA,X := G := d
X∗∇A+
1
2
[A ∧, A]X∗K +
1
2
(X∗ζ)(DX ∧, DX)
= dX
∗∇A+
1
2
[A ∧, A]X∗K +X
!ζ, (8)
where dX
∗∇ is the exterior covariant derivative with respect to X∗∇.
For a section ε ∈ Γ(X∗K) the infinitesimal gauge transformations of A and X are
given by
δεA := [ε,A]X∗K − d
X∗∇ε, (9)
δεX := 0. (10)
As usual, the infinitesimal gauge transformation δεG of G is defined by
δεG :=
d
dt
∣∣∣∣
t=0
GA+t·δεA,X (11)
for t ∈ R. Because of the compatibility conditions (6) and (7) we can derive that δεG has
the following form
δεG = [ε,G]X∗K . (12)
The (uncoupled) Yang-Mills-Higgs Lagrangian LYMH of A and X is then defined as a
top-degree-form LYMH[A,X] ∈ Ω
dim(M)(M) given by
LYMH[A,X] := −
1
2
(X∗κ)(G ∧, ∗G) + (X∗g)(DX ∧, ∗DX) + ∗(V ◦X), (13)
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where ∗ is the Hodge star operator w.r.t. to η, V ∈ C∞(N) is the potential for X, g is
a Riemannian metric on N and κ a fibre metric on K.
We only allow Lie algebras g admitting an ad-invariant scalar product to which κ shall
restrict to on each fibre. Doing so, we achieve infinitesimal gauge invariance for LYMH,
i.e.
d
dt
∣∣∣∣
t=0
LYMH[A+ t · δεA,X] = 0 (14)
for t ∈ R and all ε ∈ Γ(X∗K).
We then say that we have a Yang-Mills-Higgs gauge theory (YMH GT) for LABs
(with zero minimal coupling to the (Higgs) field X). When ∇ is not flat then we call that
as curved Yang-Mills-Higgs gauge theory (CYMH GT) for LABs.
K is a Lie algebroid when equipped with a zero anchor. In the classical setting that
would be a gauge theory where the gauge bosons are not coupled to another fields (like
the Higgs field) via the minimal coupling. Hence, when one wants to understand X as
the Higgs field, then this presents the covariantized Yang-Mills-Higgs theory of massless
gauge bosons. In general, X can be any physical field with a Lagrangian similar to the
Higgs field, and we will simply refer to X as free physical field.
Remarks 3.2.
In the following we want to test whether a given connection ∇ satisfies the compatibility condi-
tions (6) and (7). Especially about the latter we say that a connection ∇ satisfies compatibility
condition (7) when there is a ζ ∈ Ω2(N ;K) such that this condition is satisfied. So, in general,
we are not going to study this condition with respect to a fixed ζ.
There is a local isomorphism to the classical gauge theory under certain circumstances, keeping
the same notation and elements as defined before; this is one of the main motivations of this
theory, it generalizes the standard formulation of gauge theory (here of a certain type).
Corollary 3.3: Isomorphism to classical gauge theories, [1, here for LABs]
Let N be a vector space W . Assume we have a YMH GT for LABs as in 3.1, with an
LAB K with underlying Lie algebra g and equipped with a flat connection ∇. Moreover,
ζ = 0.
Then all the formulas of 3.1 are locally the same as for standard Yang-Mills gauge
theories for the Lie algebra g and zero Lie algebra representation on V . That means, that
we arrive locally at a Yang-Mills gauge theory with an additional free physical field X
with potential V . When additionallyW = {∗} then we just get a Yang-Mills gauge theory.
Moreover, each Yang-Mills gauge theory (with or without a free physical field X in a
potential V ) can be described as a YMH GT.
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Remarks 3.4.
The idea for the proof is the following: Since ∇ is flat, we have a local parallel frame (ea)a, and
its pull-back frame (X∗ea)a. Expressing everything with respect to this frame results into the
same formulas as in classical gauge theories when ζ ≡ 0.
By compatibility condition (6) one can show that the structure functions Cabc ea = [eb, ec]K
are constant and then clearly coincide with the ones coming from [X∗eb,X
∗ec]X∗K . Therefore
the parallel frame spans a Lie algebra g′ at each point which is isomorphic to g, and K looks
locally like a trivial LAB U × g′ with fibre type g′ (U some open subset). Thus, the idea of the
proof can also be described as limiting the space of sections of K locally to constant sections of
U × g′, and the connection ∇ is then the canonical flat connection.
It is clear that, when starting with a standard Yang-Mills gauge theory, then just take K =
N × g, ζ ≡ 0 and its standard flat connection. That the compatibility conditions (6) and (7)
are satisfied is trivial to check; for the former, observe that it is a tensorial equation, and then
test it just with respect to constant sections.
This corollary motivates the following definitions.
Definition 3.5: Classical gauge theory
We say that we have a pre-classical gauge theory when ∇ is flat.
When we have additionally ζ = 0, then we say that we have a classical gauge theory.
That is the situation regarding gauge theory and its formalism on Lie algebra bundles. We
also have a transformation which keeps the Lagrangian invariant. We will mainly study this
transformation in the following sections.
Theorem 3.6: Field redefinition in the situation of LABs
Let us have a (C)YMH GT as in 3.1 and λ ∈ Ω1(N ;K), then we define the field redefi-
nitions by
A˜λ := A+ (X∗λ)(DX) = A+X !λ, (15)
ζ˜λ := ζ − d∇λ+
1
2
[λ ∧, λ]K , (16)
and
∇˜λY µ := ∇Y µ− [λ(Y ), µ]K (17)
for all Y ∈ X(N) and µ ∈ Γ(K). X, the LAB K and the metrics κ and g stay the same.
Then the field strength G stays invariant under these transformations, i.e.
G˜λ := dX
∗∇˜λA˜λ +
1
2
[
A˜λ ∧, A˜λ
]
X∗K
+
1
2
(
X∗ζ˜λ
)
(DX ∧, DX) ≡ GA,X (18)
for all λ. Thus, the Lagrangian stays invariant, too. ∇˜λ and ζ˜λ satisfy the compatibility
conditions, Eq. (6) and (7), and, hence, gauge invariance is preserved, although the
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infinitesimal gauge transformation changes its shape in Eq. (9).
When we apply this transformation again with −λ, denoting the corresponding terms
with Â−λ :=
˜˜
Aλ
−λ
etc., then we get
Â−λ = A, ζ̂−λ = ζ, ∇̂−λ = ∇. (19)
Remarks 3.7.
For Eq. (17) we will write
∇˜λ = ∇− ad ◦ λ, (20)
where ad ◦ λ ∈ Ω1(N ; End(K)), (ad ◦ λ)(Y )(µ) := [λ(Y ), µ]K for all Y ∈ X(N) and µ ∈ Γ(K).
This implies that
(ad ◦ λ)(µ) = [λ, µ]K = [λ
∧, µ]K .
Similarly, we get ad ◦ ω ∈ Ωl(N ; End(K)).
Before we prove this, let us discuss it. Using that field redefinition one can motivate the
additional term related to ζ arising in the field strength G. Recall Cor. 3.3: When ζ ≡ 0, then
∇ is flat by compatibility condition (7), and, hence, we have locally a standard formulation
of gauge theory, such that G = F , where F is the typical field strength given for Yang-Mills
gauge theories. Therefore one could say that G = F +X !ζ. With the field redefinition one can
motivate this term in standard gauge theories.
Remark 3.8: Another motivation for the new field strength
The idea of the 2-form ζ in Eq. (8) was that it describes an auxiliary map to allow non-
flat ∇ for gauge theories by compatibility condition (7). But let us give a more physical
approach how to motivate this 2-form, using the introduced field redefinition and Cor. 3.3.
Start with a classical formulation of gauge theory with Lie algebra g and extend this to
a YMH GT as in 3.1, e.g. by choosing a trivial Lie algebra bundle K = N × g over N ,
ζ = 0 and taking its canonical flat connection. As explained in [1] and given by Cor. 3.3,
this theory describes a covariantized formulation of Yang-Mills gauge theories with a free
physical field X.
Normally, Yang-Mills gauge theory would be with N = {∗} and then there is only ζ ≡ 0.
But one could now add a free physical field X with its target manifold N and change
the Lagrangian as in (13). Even when we start with ζ = 0 we could motivate non-zero
ζ in the definition of the Field strength by applying the field redefinition 3.6. Since the
field redefinition keeps the Lagrangian invariant we arrive at a Lagrangian with a field
strength as given in Eq. (8), but it still describes the same physics. Although there is
no minimal coupling to X of the gauge bosons in the classical setting, the Lagrangian
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would now give terms where there are products of A with DX. Hence, there is hope for
new physics when one allows any ζ satisfying compatibility condition (7) and not just the
ones coming from ζ ≡ 0. There is then the natural question whether there are such more
general ζ. We try to answer this question here for LABs, but we can already try to give
an answer for the abelian situation:
For abelian Lie algebras we would get a ζ of the form ζ˜λ = −d∇λ when starting with ζ ≡ 0
and then applying the field redefinition. Observe that the connection stays invariant and
has to be always flat by compatibility condition (7), thence, d∇ is always a differential.
Moreover, compatibility condition (7) would be trivial such that there is in general no
restriction on ζ. Thence, you can take every ζ ∈ Ω2(N ;K), especially ones which are not
exact with respect to d∇ and even ones with d∇ζ 6= 0 to avoid local exactness. In that
way we avoid that there is a field redefinition which could lead to ζ˜λ = 0 since this would
otherwise imply
d∇ζ
Eq. (16)
=
(
d∇
)2
λ
∇ flat
= 0.
We will come back to this when we have a better understanding of everything, we are
also going to give an interpretation of d∇ζ at the very end.
We need to show several identities for the proof of Thm. 3.6 and for some statements about
the Bianchi identity of G at the end of this paper, thus, recall the appendix A.
Proof of Thm. 3.6.
• We calculate for A ∈ Ω1(M ;X∗K)
X !(ad ◦ λ) ∧A
Eq. (A.8)
=
(
ad∗ ◦X !λ
)
∧A
Eq. (A.4)
=
[
X !λ ∧, A
]
X∗K
. (21)
Then observe, using the definition of the field redefinition,
G˜λ = dX
∗∇˜λ
(
A+X !λ
)
+
1
2
[
A+X !λ ∧, A+X !λ
]
X∗K
+X !
(
ζ − d∇λ+
1
2
[λ ∧, λ]K
)
Eq. (A.1)
= dX
∗∇−X!(ad◦λ)A+X !
(
d∇−ad◦λλ
)
+
1
2
[A ∧, A]X∗K +
1
2
[
X !λ ∧, A
]
X∗K
+
1
2
[
A ∧, X !λ
]
X∗K︸ ︷︷ ︸
Eq. (A.6)
= [X!λ∧,A]
X∗K
+
1
2
[
X !λ ∧, X !λ
]
X∗K︸ ︷︷ ︸
Eq. (A.5)
= X!([λ∧, λ]
K
)
+X !ζ −X !
(
d∇λ
)
+
1
2
X !([λ ∧, λ]K)
Eq. (A.2)
= G−X !(ad ◦ λ) ∧A+
[
X !λ ∧, A
]
X∗K︸ ︷︷ ︸
Eq. (21)
= 0
−X !((ad ◦ λ) ∧ λ+ [λ ∧, λ]K)︸ ︷︷ ︸
Eq. (A.4)
= 0
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= G.
• Now let us check the compatibility conditions (6) and (7),
∇˜λ([µ, ν]K) = (∇− ad ◦ λ)([µ, ν]K)
= [∇µ, ν]K + [µ,∇ν]K − [λ, [µ, ν]K ]K︸ ︷︷ ︸
= [µ,[λ,ν]K ]K+[[λ,µ]K ,ν]K
= [(∇− ad ◦ λ)µ, ν]K + [µ, (∇− ad ◦ λ)ν]K
=
[
∇˜λµ, ν
]
K
+
[
µ, ∇˜λν
]
K
for all µ, ν ∈ Γ(K), using that ∇ satisfies compatibility condition (6) and the Jacobi identity on
X(N) ∋ Y 7→ [λ(Y ), [µ, ν]K ]K . For the curvature we calculate
∇˜λY ∇˜
λ
Zµ =
(
∇Y − ad(λ(Y ))
)
(∇Zµ− [λ(Z), µ]K)
= ∇Y∇Zµ− [∇Y (λ(Z)), µ]K − [λ(Z),∇Y µ]K − [λ(Y ),∇Zµ]K + [λ(Y ), [λ(Z), µ]K ]K
for all Y,Z ∈ X(N) and µ ∈ K, using that ∇ satisfies compatibility condition (6), and, hence,
R
∇˜λ
(Y,Z)µ = R∇(Y,Z)µ+
[
−∇Y (λ(Z)) +∇Z(λ(Y )) + λ([Y,Z])︸ ︷︷ ︸
= −d∇λ
, µ
]
K
+ [λ(Y ), [λ(Z), µ]K ]K − [λ(Z), [λ(Y ), µ]K ]K︸ ︷︷ ︸
[[λ(Y ),λ(Z)]K ,µ]K
=
[(
ζ − d∇λ+
1
2
[λ ∧, λ]K
)
(Y,Z), µ
]
K
=
[
ζ˜λ(Y,Z), µ
]
K
using that ∇ satisfies compatibility condition (7) with ζ. By 3.1 we know that gauge invariance
follows since we still get ∂εG = [ε,G]X∗K for all ε ∈ Γ(X
∗K) and since κ andX do not transform.
• Now we transform again with −λ
Â−λ = A˜λ︸︷︷︸
= A+X!λ
− X !λ = A,
∇̂−λ = ∇˜λ︸︷︷︸
= ∇−ad◦λ
+ ad ◦ λ = ∇,
ζ̂−λ = ζ˜λ︸︷︷︸
= ζ−d∇λ+ 1
2 [λ
∧, λ]
K
+ d∇˜
λ
λ+
1
2
[λ ∧, λ]K
Eq. (A.2)
= ζ + [λ ∧, λ]K − (ad ◦ λ) ∧ λ
Eq. (A.4)
= ζ.

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4. Relation of vector bundle connections in gauge theories with
certain Lie derivation laws
Starting with a CYMH GT for a given LAB K → N , by Cor. 3.3 there is the natural question
whether or not one arrives at a (pre-)classical gauge theory by using the field redefinition 3.6.
In order to do so it is important to understand what type of connection ∇ we have due to
the compatibility conditions (6) and (7). Let us look at a general connection ∇ in a slightly
different way, as also introduced in [2, §5.2, the discussion after Def. 5.2.3; page 185]: By the
very definition of a vector bundle connection we have on one hand
∇Y (αµ+ βν) = α∇Y µ+ β∇Y ν,
∇Y (fµ) = f∇Y µ+ Y (f) µ
for all Y ∈ X(N), µ, ν ∈ Γ(K), α, β ∈ R and f ∈ C∞(N). That is equivalent to say that ∇Y is
a derivation of the vector bundle K for all Y ∈ X(N):
Definition 4.1: Derivations on a vector bundle V ,
[2, §3.3, Example 3.3.4; page 102f.]
Let V → N be a real vector bundle with finite rank. Then a derivation on V is an
R-linear map T : Γ(V ) → Γ(V ) such that there is a smooth vector field a(T ) ∈ X(N)
with
T (fv) = f T (v) + a(T )(f) v (22)
for all f ∈ C∞(N) and v ∈ Γ(V ). We say that T lifts a(T ).
As argued in [2, §3.3, Example 3.3.4; page 102f.], derivations of K are sections of a transitive3
Lie algebroid D(K), where the bracket is given by the commutator of derivations and the
surjective anchor by a; especially, the endomorphisms of K form precisely the kernel of a, which
is also a Lie subalgebroid of D(K). Therefore we arrive at the following short exact sequence of
Lie algebroids
0 End(K) D(K) TN 0,a
or equivalently4
End(K) D(K) TN.a (23)
On the other hand, we also have
∇fY+hZ = f∇Y + h∇Z
3That means, its anchor is surjective.
4The hooked arrow emphasizes the inclusion, and the two-headed arrow the surjectivity.
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for all Y,Z ∈ X(N) and f, h ∈ C∞(N). By the Leibniz rule we also have
a(∇Y ) = Y.
This finally implies that ∇ comes from an anchor-preserving5 (and base-preserving) vector bun-
dle morphism, or, equivalently, a morphism of anchored vector bundles, γ : TN → D(K), that
is
a(γ(Y )) = Y,
γ(Y )(µ) = ∇Y µ
for all Y ∈ X(N) and µ ∈ Γ(K). We are going to denote both interpretations by ∇. Thus,
there is a 1:1 correspondence of vector bundle connections with anchor-preserving vector bundle
morphisms from TN to D(K).
Now back to the compatibility conditions. For all Y ∈ X(N), compatibility condition (6)
implies that ∇Y is a derivation of the Lie bracket [·, ·]K and so of [·, ·]g on each fibre. Thence,
the vector bundle morphism ∇ has values in DDer(K), the subbundle of D(K) of derivations
which are also derivations of the Lie bracket.
DDer(K) is also a (transitive) Lie subalgebroid of D(K) as discussed in [2, §3.6, discussion
around Corollary 3.6.11; page 140f.]. So, we arrive at that ∇ has to be a so-called Lie derivation
law by compatibility condition (6):
Definition 4.2: Lie derivation law,
[2, §7.2, Definition 7.2.9, page 275]
Let K → N be an LAB. A Lie derivation law for TN with coefficients in K is an
anchor- and base-preserving vector bundle morphism ∇ : TN → DDer(K), that is, a
connection ∇ on K in the usual sense such that
∇Y ([µ, ν]K) = [∇Y µ, ν]K + [µ,∇Y ν]K (24)
for all Y ∈ X(N) and µ, ν ∈ Γ(K).
Remarks 4.3.
Consider a bundle of Lie algebras of the same rank (which is not necessarily an LAB), then the
existence of a Lie derivation law for TN with coefficients in K is also equivalent to say that
it is an LAB. Thence, it is not necessary to look at bundle of Lie algebras in this context of
gauge theory by compatibility condition (6), see e.g. [2, §6.4, Theorem 6.4.5; page 238] and [5,
§2, Proposition 2.13].
As argued in [2, §5.2, second part of Example 5.2.12 where it is also called a Lie connection;
page 188f.] such a Lie derivation law always exists for a given LAB.
5The tangent bundle is equipped with the identity anchor as usual.
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The kernel of a|DDer(K) is exactly the sub-LAB Der(K), derivations of K with fibre type
Der(g), the Lie bracket derivations of g (i.e. Der(K) consists of Lie bracket derivations which
are also endomorphisms of K; see [2, §3.3; page 104ff.] for its construction)
Der(g) Der(K)
N
Restricting the short exact sequence (23) to DDer(K) results then into the following short exact
sequence of Lie algebroids
Der(K) DDer(K) TN.
a (25)
Before we go to the second compatibility condition (7), we conclude the discussion about the
interpretation of ∇ as a certain morphism with the following corollary, since we are interested
whether or not a non-flat Lie derivation law can be mapped to a flat connection by using the
field redefinition 3.6, so, it may be useful to understand flatness in a slightly different way.
Flatness precisely means that a connections would be a morphism of Lie algebroids and not just
an anchor-preserving morphism of vector bundles.
Corollary 4.4: Flat connections, [2, §5.2, Definition 5.2.9; page 187]
Let V → N be a vector bundle. Then a connection ∇ : TN → D(V ) is flat if and only if
it is a (base-preserving) morphism of Lie algebroids.
Proof.
As discussed earlier a connection has a 1:1 correspondence with an anchor-preserving vector
bundle morphism TN → D(V ), thence, we only need to check the preservation of the Lie
brackets in the flat case. We have for the curvature R∇
R∇(Y,Z) = [∇Y ,∇Z ]D(V ) −∇[Y,Z]
such that we have the following set of equivalent statements
∇ is flat
⇔ ∇[Y,Z] = [∇Y ,∇Z ]D(V )
∇ morphism of anchored vector bundles
⇔ ∇ is a base-preserving morphism of Lie algebroids.

Now about understanding the compatibility condition (7): In the context of the field redefi-
nition, when it would be possible to make ∇ flat by a field redefinition then there would be a
parallel frame (ea)a locally for ∇˜
λ such that by Eq. (17)
∇Y ea = [λ(Y ), ea]K
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for all Y ∈ X(N). That is, with respect to that frame, the Lie bracket derivation ∇Y looks like
an adjoint of λ(Y ), an inner Lie bracket derivation. Thence, it makes sense to look at the Lie
algebroid of outer derivations etc.. For that recall that one can define other terms for K similar
to the terms for the Lie algebra g, see [2, §3.3; page 104ff.] for the following definitions and their
relations: The LABs Z(K) (center of K with fibre type Z(g), the centre of g)
Z(g) Z(K)
N
and ad(K) (the adjoint of K with fibre type ad(g), the adjoint of g)
ad(g) ad(K)
N
ad(K) is an ideal of the LABs Der(K) and DDer(K) and we can define their quotient as Lie
algebroids over ad(K), see [2, §7.2, Definition 7.2.1; page 271f.]: (25) results into a new short
exact sequence of Lie algebroids
Der(K)
/
ad(K) DDer(K)
/
ad(K) TN,a (26)
which is denoted by
Out(K) Out(DDer(K)) TN,
a (27)
and we call Out(DDer(K)) the Lie algebroid of outer bracket derivations of K with anchor
a, canonically induced by a. In total we arrive at the following commuting diagram
Z(K) Z(K)
K K
Der(K) DDer(K) TN
Out(K) Out(DDer(K)) TN
i
ad
♯+
j
♯
a
j a
(28)
as introduced in [2, §7.2, Figure 7.1; page 272], where both rows and columns are short exact
sequences of Lie algebroids and the diagram serves as a definition of the notation of the new Lie
algebroid morphisms, especially, ♯ denotes the projection of derivations into the space of outer
derivations.
A note about the notation: i, j and j are for example just the inclusions when using the
standard descriptions of these Lie algebroids. But these notations allow a change of the explicit
description of these Lie algebroids, in that case the inclusions would be replaced by a composition
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of the corresponding inclusions with a Lie algebroid isomorphism. In our case we use the standard
definitions such that i, j and j are inclusions, hence, we will omit them in the following.
With diagram (28) we can now finally study compatibility condition (7). The curvature R∇
of a Lie connection ∇ : TN → DDer(K) is clearly an element of Ω
2(N ;DDer(K)) since
R∇(Y,Z) = [∇Y ,∇Z ]DDer(K)︸ ︷︷ ︸
∈ Γ(DDer(K))
−∇[Y,Z]︸ ︷︷ ︸
∈ Γ(DDer(K))
∈ Γ(DDer(K))
for all Y,Z ∈ X(N). Compatibility condition (7) is then equivalent to6
♯(R∇(Y,Z)) = 0 (29)
for all Y,Z ∈ X(N). We will show that this implies that ∇ is a so-called Lie derivation law
covering a pairing of TN with K. For that we need to define what a pairing is.7
Definition 4.5: Pairing of TN , [2, §7.2, Definitions 7.2.2; page 272]
A pairing of TN is a pair of an LAB K → N together with a (base-preserving) morphism
of Lie algebroids Ξ : TN → Out(DDer(K)). We also say that TN and K are coupled by
Ξ.
Now we can define a special type of connection.
Definition 4.6: Lie derivation law covering Ξ,
[2, §7.2, see discussion after Definition 7.2.2; page 272]
Let K → N be an LAB and ∇ : TN → DDer(K) a Lie derivation law. Assume that
TN and K are coupled by a (base-preserving) Lie algebroid morphism Ξ : TN →
Out(DDer(K)). Then we say that ∇ is a Lie derivation law covering Ξ if
♯ ◦ ∇ = Ξ. (30)
Remarks 4.7.
So, while a Lie derivation law is not necessarily a morphism of Lie algebroids, ♯ ◦ ∇ is of that
type when ∇ covers a pairing.
This type of connection is exactly the type we need for gauge theory on LABs.
Theorem 4.8: (C)YMH GT only allows Lie derivation laws covering Ξ
Let K → N be an LAB. Then a map ∇ : TN → DDer(K) is a Lie derivation law covering
some (base-preserving) Lie algebroid morphism Ξ : TN → Out(DDer(K)) if and only if it
6Recall Remark 3.2; we understand this compatibility condition now as ”there exists a ζ such that [...]”.
7Mackenzie called the following construction a coupling and not pairing. I renamed it to avoid confusion with
couplings in a physical context
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is a connection on K satisfying the compatibility conditions (6) and (7), i.e.
∇Y ([µ, ν]K) = [∇Y µ, ν]K + [µ,∇Y ν]K ,
♯(R∇(Y,Z)) = 0
for all Y,Z ∈ X(N) and µ, ν ∈ Γ(K).
Remarks 4.9.
So, we have seen that compatibility condition (6) implies that ∇ has to be a Lie derivation law,
and compatibility condition (7) then implies that it covers a pairing of TN and K.
As argued in [2, §7.2, discussion after Definition 7.2.2, replace the A there with TN ; page
272], for a given Ξ there is always a Lie derivation law covering it.
Proof.
We already have seen that a connection ∇ satisfying compatibility condition (6) has a 1:1
correspondence to an anchor-preserving vector bundle morphism ∇ : TN → DDer(K), i.e. a Lie
derivation law. So, we only have to care about compatibility condition (7).
”⇐”: So, let us have a Lie derivation law with ♯(R∇(Y,Z)) = 0 for all Y,Z ∈ X(N). Define
Ξ := ♯ ◦ ∇, and recall that ♯ : DDer(K)→ Out(DDer(K)) is a Lie algebroid morphism such that
Ξ is an anchor-preserving vector bundle morphism by definition, using that ∇ is a Lie derivation
law,
a ◦ Ξ = a ◦ ♯ ◦ ∇ = a ◦ ∇ = 1TN .
Using that ♯ is a homormorphism of Lie brackets, and by ♯(R∇(Y,Z)) = 0 for all Y,Z ∈ X(N),
we also get
Ξ([Y,Z]) = ♯
(
∇[Y,Z]
)
= ♯
(
[∇Y ,∇Z ]DDer(K)
)
= [♯(∇Y ), ♯(∇Z)]Out(DDer(K)) = [Ξ(Y ),Ξ(Z)]Out(DDer(K)),
i.e. Ξ is a Lie algebroid morphism (base-preserving), and it is covered by ∇ due to its definition.
”⇒”: This part of the proof is as in [2, §7.2, discussion after Definition 7.2.2; page 272] and
similar to the previous calculation. Let ∇ be a Lie derivation law covering some Lie algebroid
morphism Ξ, especially, ♯ ◦ ∇ = Ξ. That implies
♯(R∇(Y,Z)) = ♯
(
[∇Y ,∇Z ]DDer(K) −∇[Y,Z]
)
= [♯(∇Y ), ♯(∇Z)]Out(DDer(K)) − ♯
(
∇[Y,Z]
)
= [Ξ(Y ),Ξ(Z)]Out(DDer(K)) − Ξ([Y,Z])
= 0
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for all Y,Z ∈ X(N), using that both, ♯ and Ξ, are homomorphisms of the corresponding Lie
brackets. This finishes the proof. 
Given a Lie derivation law covering some Ξ, we get that ∇ is an anchor-preserving vector
bundle morphism and ♯ ◦∇ = Ξ is a Lie algebroid morphism. When we want that ∇ is not flat,
in the hope of finding a new gauge theory (recall Cor. 3.3), we do not want that ∇ itself is a Lie
algebroid morphism by Cor. 4.4, while ♯ is a Lie algebroid morphism and Ξ = ♯ ◦ ∇, too. That
looks like a tightrope walk. Indeed, the field redefinition 3.6 may lead to a flat connection while
keeping the same physics, i.e. the Lagrangian stays the same.
To study this, we now need to construct an invariant for the field redefinition. We will see
that this is exactly the so-called obstruction class of Mackenzie constructed in [2, §7.2; page
271ff.]. Observe the following, using the notation as introduced in (28).
Proposition 4.10: Field redefinition preserves the pairing
Let (K,Ξ) be a pairing of TN , ∇ be a Lie derivation law covering Ξ and ζ ∈ Ω2(N ;K)
satisfying compatibility condition (7) with respect to ∇.
Then the field redefinition 3.6 preserves the pairing, i.e. ∇˜λ is also a Lie derivation law
covering Ξ for all λ ∈ Ω1(N ;K). Moreover, for every other Lie derivation law ∇′ covering
Ξ there is a λ ∈ Ω1(N ;K) such that
∇′ = ∇˜λ,
and for its curvature
R∇′ = ad ◦ ζ˜
λ.
Remarks 4.11.
These are exactly the same formulas as in [2, §7.2, Proposition 7.2.7, identifying Mackenzie’s
1-form l with −λ, also beware that Mackenzie defines curvatures with an opposite sign; page
274]. In this reference Mackenzie studies the form given by the difference of two Lie derivation
laws covering the same pairing and arrives exactly at our formulas of the field redefinition which
we have derived from a physical context of gauge theory on LABs.
In the following we will show that Mackenzie’s study has roughly a 1:1 correspondence to the
question whether one can find a field redefinition such that ∇˜λ is flat. We have now seen that
the field redefinitions just describe a change to any other Lie derivation law covering the same
Ξ.
Proof.
We know that the field redefinition preserves the compatibility conditions (6) and (7), i.e.
∇˜λY ([µ, ν]K) =
[
∇˜λY µ, ν
]
K
+
[
µ, ∇˜λY ν
]
K
,
R
∇˜λ
(Y,Z)µ =
[
ζ˜λ(Y,Z), µ
]
K
,
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that implies by Thm. 4.8 that ∇˜λ is a Lie derivation law covering Ξ˜λ := ♯ ◦ ∇˜λ. Moreover, using
the notation of (28),
♯ ◦ ∇˜λ = ♯ ◦ (∇− ad ◦ λ) = ♯ ◦ ∇ = Ξ
for all λ ∈ Ω1(N ;K), using ♯ ◦ ad = 0. This shows that ∇˜λ covers Ξ.
Now let ∇′ be another Lie derivation law covering Ξ, then clearly
a|DDer(K)(∇
′
Y −∇Y ) = Y − Y = 0
for all Y ∈ X(N), such that ∇′ −∇ ∈ Ω1(N ; Der(K)) by (28), and
0 = Ξ− Ξ = ♯ ◦ ∇′ − ♯ ◦ ∇ = ♯ ◦
(
∇′ −∇
)
︸ ︷︷ ︸
∈ Ω1(N ;Der(K))
= ♯+ ◦
(
∇′ −∇
)
.
Again by (28), there is a µ(Y ) ∈ Γ(K) such that ∇′Y − ∇Y = ad(µ(Y )) for all Y ∈ X(N),
and due to the C∞-linearity w.r.t. Y we get ∇′ − ∇ = ad ◦ µ for a µ ∈ Ω1(N ;K). By field
redefinition 3.6 we can take λ = −µ to get ∇′ = ∇˜λ.
Since ∇ satisfies compatibility condition (7) by Thm. 4.8 and since this condition is preserved
by a field redefinition, the last statement follows, R∇′(Y,Z) = ad
(
ζ˜λ(Y,Z)
)
for all Y,Z ∈
X(N). 
Locally we can say the following.
Corollary 4.12: Local existence of a flat Lie derivation law covering a pairing
Let K be an LAB. Then locally there is always a flat Lie derivation law covering some
(base-preserving) Lie algebroid morphism Ξ : TN → Out(DDer(K)).
Remarks 4.13.
So, locally, by using Prop. 4.10, the question whether or not one can transform to a flat connec-
tion with the field redefinition breaks down to the question if there is a flat connection covering
the same pairing.
Proof.
Locally there is a trivialization K ∼= U × g as LABs on some open subset U ⊂ N . Then define
∇ as the canonical flat connection, so, the parallel frame is given by constant sections. As in
the third paragraph of Remark 3.4, the compatibility conditions (6) and (7) are satisfied for the
canonical flat connection. By Thm. 4.8 the statement then follows. 
5. Obstruction for non-pre-classical gauge theories
5.1. Obstruction class
In order to study the field redefinitions 3.6, we now introduce an invariant.
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Theorem 5.1: Invariant of the field redefinition
Let (K,Ξ) be a pairing of TN and ∇ be a Lie derivation law covering Ξ. Also let ζ be
any element of Ω2(N ;K) that satisfies compatibility condition (7) with respect to ∇.
Then we have
d∇ζ ∈ Ω3(N ;Z(K)), (31)
i.e. d∇ζ has always values in the centre of K, ad ◦ d∇ζ = 0. Moreover,
d∇˜
λ
ζ˜λ = d∇ζ (32)
for all λ ∈ Ω1(N ;K) as in 3.6.
Remarks 5.2.
Eq. (31) and (32) got also derived in a completely different context, see [2, §7.2, Lemma 7.2.4, ζ is
denoted as Λ there; page 273] and [2, §7.2, Proposition 7.2.11, last statement, there ζ is denoted
by Λ and d∇ζ by f(∇,Λ); page 276], respectively; see also the discussion about Mackenzie’s
results later, to know from which context Mackenzie derived these two equations.
Proof.
Due to Thm. 4.8 we know that we can use the compatibility conditions (6) and (7).
• As also argued in [2, §7.2, Lemma 7.2.4, ζ is denoted as Λ there; page 273], use the well-
known Bianchi identity for curvatures R∇, i.e.
d∇R∇ = 0,
viewing R∇ as an element of Ω
2(N ; End(K)), and canonically extending ∇ to End(K), which
we still denote by ∇. Compatibility condition (7) implies R∇ = ad ◦ ζ, and by compatibility
condition (6) we can use Eq. (A.11), such that the Bianchi identity implies
0
Eq. (7)
= d∇(ad ◦ ζ)
Eq. (A.11)
= ad ◦ d∇ζ.
• Finally, recall that in general curvatures satisfy
(
d∇
)2
ω = R∇ ∧ ω
for all ω ∈ Ωl(N ;K), viewing R∇ as an element of Ω
2(N ; End(K)). Then we have
(
d∇
)2
λ = R∇ ∧ λ
Eq. (7)
= (ad ◦ ζ) ∧ λ
Eq. (A.4)
= [ζ ∧, λ]K ,
d∇([λ ∧, λ]K)
Eq. (A.10)
=
[
d∇λ ∧, λ
]
K
−
[
λ ∧, d∇λ
]
K
Eq. (A.6)
= 2
[
d∇λ ∧, λ
]
K
,
(ad ◦ λ) ∧ ζ˜λ
Eq. (A.4)
=
[
λ ∧, ζ˜λ
]
K
Eq. (A.6)
= −
[
ζ˜λ ∧, λ
]
K
Eq. (16), (A.7)
= −[ζ ∧, λ]K +
[
d∇λ ∧, λ
]
K
,
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and, by combining everything, we arrive at
d∇˜
λ
ζ˜λ = d∇−ad◦λ
(
ζ˜λ
)
Eq. (A.2), (16)
= d∇
(
ζ − d∇λ+
1
2
[λ ∧, λ]K
)
− (ad ◦ λ) ∧ ζ˜λ = d∇ζ
for all λ ∈ Ω1(N ;K). 
Let us study this centre-valued form. In fact, d∇ is a differential on centre-valued forms.
Theorem 5.3: Differential on centre-valued forms,
[2, §7.2, Definition 7.2.3 and the discussion directly before; page
273]
Let (K,Ξ) be a pairing. Then every Lie derivation law ∇ covering Ξ restricts to a flat
connection ∇Z(K) on Z(K).
Moreover, Ξ induces a differential dΞ : Ω•(N ;Z(K)) → Ω•+1(N ;Z(K)) by choosing
dΞ := d∇
Z(K)
= d∇
∣∣∣
Ω•(N ;Z(K))
for any Lie derivation law ∇ covering Ξ. dΞ is independent
of the choice of ∇.
We call this differential central representation of Ξ.
Proof.
By Thm. 4.8 ∇ satisfies compatibility conditions
∇Y ([µ, ν]K) = [∇Y µ, ν]K + [µ,∇Y ν]K ,
R∇(Y,Z) = ad(ζ(Y,Z))
for all Y,Z ∈ X(N), µ, ν ∈ Γ(K) and for some ζ ∈ Ω2(N ;K). Let µ ∈ Γ(Z(K)), then the first
compatibility condition implies
0 = [∇Y µ, ν]K
for all Y ∈ X(N), ν ∈ Γ(K) and µ ∈ Γ(Z(K)). That implies that ∇Y µ ∈ Γ(Z(K)) such that
∇ is also a connection on Γ(Z(K)), which we now denote by ∇Z(K). Restricting the second
compatibility condition onto Z(K) then immediately implies
R
∇Z(K)
= 0,
i.e. ∇Z(K) is flat, and therefore, by the definition of the exterior covariant derivative,
dΞ := d∇
∣∣∣
Ω•(N ;Z(K))
= d∇
Z(K)
is a differential. Now take any other Lie derivation law ∇′ covering Ξ.8 By Prop. 4.10, there is
a λ ∈ Ω1(N ;K) such that
∇′ = ∇− ad ◦ λ,
8Recall the second paragraph of Remark 4.9, i.e. there is a Lie derivation Law ∇ : TN → DDer(K) covering Ξ.
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i.e.
∇′Y µ = ∇Y µ
for all Y ∈ X(N) and µ ∈ Γ(Z(K)). Hence, dΞ is independent of the choice of ∇. 
One can now check that d∇ζ is closed under dΞ. Be aware of that for non-flat Lie derivation
laws ∇ covering Ξ this is not a trivial question; due to compatibility condition (7), ζ is not
centre-valued in general such that d∇ζ is not the same as dΞζ.
Lemma 5.4: Closedness of d∇ζ under the central representation,
[2, §7.2, Lemma 7.2.5, d∇ζ is denoted by f and dΞ as d there;
without written proof; page 274]
Let (K,Ξ) be a pairing of TN and ∇ be a Lie derivation law covering Ξ. Also let ζ be
any element of Ω2(N ;K) that satisfies compatibility condition (7) with respect to ∇.
Then
dΞd∇ζ = 0 (33)
i.e. d∇ζ ∈ Ω3(N ;Z(K)) is closed under dΞ.
Proof.
We have (
d∇
)2
ζ = R∇ ∧ ζ
Eq. (7)
= (ad ◦ ζ) ∧ ζ
Eq. (A.4)
= [ζ ∧, ζ]K ,
but also, using that ζ ∈ Ω2(N ;K),
[ζ ∧, ζ]K
Eq. (A.6)
= −[ζ ∧, ζ]K ,
such that
(
d∇
)2
ζ = −
(
d∇
)2
ζ. Hence, the last statement follows. 
We need to know how d∇ζ changes by varying ζ.
Lemma 5.5: Varying ζ in d∇ζ,
[2, §7.2, Lemma 7.2.6, Mackenzie denotes ζ by Λ, d∇ζ by f and
dΞ by d; page 274]
Let (K,Ξ) be a pairing of TN and ∇ be a Lie derivation law covering Ξ. Also let ζ and
ζ ′ be two elements of Ω2(N ;K) which satisfy compatibility condition (7) with respect to
∇.
Then
ζ ′ − ζ ∈ Ω2(N ;Z(K)). (34)
Especially, d∇ζ ′ − d∇ζ is dΞ-exact.
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Proof.
This simply follows by the compatibility condition (7), i.e.
[
ζ ′(Y,Z)− ζ(Y,Z), µ
]
K
= R∇(Y,Z)µ−R∇(Y,Z)µ = 0
for all Y,Z ∈ X(N) and µ ∈ Γ(K). Thence, ξ := ζ ′ − ζ is an element of Ω2(N ;Z(K)). By
Thm. 5.3 we get
d∇ζ ′ − d∇ζ = d∇
(
ζ ′ − ζ
)
︸ ︷︷ ︸
∈Ω2(N ;Z(K))
= dΞ
(
ζ ′ − ζ
)
,
i.e. d∇ζ ′ − d∇ζ is exact with respect to dΞ since ζ ′ − ζ has values in Z(K). 
Since d∇ζ is invariant under the field redefinition, this finally shows that d∇ζ is a useful object
to study in the context of the field redefinition. By Lemma 5.4 this is a closed form, and it is
clear that in the flat situation ζ has values in Z(K) by compatibility condition (7). By Thm. 5.3
we would get d∇ζ = dΞζ, i.e. d∇ζ would be exact in the flat situation. Hence, it makes sense
to study the cohomology class of d∇ζ with respect to dΞ if one is interested into whether or not
the gauge theory can be transformed into a pre-classical9 gauge theory by the field redefinitions.
We denote the space of cohomology classes of dΞ-closed elements of Ω•(N ;Z(K)) by
H•
(
TN,dΞ, Z(K)
)
(35)
as in [2, Theorem 7.2.12, replace A with TN and ρΞ with dΞ; page 277], and the classes by [·]Ξ.
Thus, [
d∇ζ
]
Ξ
∈ H3
(
TN,dΞ, Z(K)
)
,
using that d∇ζ is dΞ-closed by Lemma 5.4.
Theorem 5.6: Cohomology of d∇ζ an invariant,
[2, §7.2, Theorem 7.2.12, Mackenzie denotes dΞ with ρΞ, ζ with
Λ, d∇ζ with f(∇,Λ), and replace A with TN ; page 277]
Let (K,Ξ) be a pairing of TN and ∇ be a Lie derivation law covering Ξ. Also let ζ be
any element of Ω2(N ;K) that satisfies compatibility condition (7) with respect to ∇.
Then
[
d∇ζ
]
Ξ
only depends on Ξ and not on the particular choice of ∇ and ζ.
Proof.
This follows by Lemma 5.5 and Eq. (32). The former shows that changing ζ with another
element ζ ′ of Ω2(N ;K) satisfying compatibility condition (7) results into
d∇ζ ′ = d∇ζ + d∇
(
ζ ′ − ζ
)
︸ ︷︷ ︸
dΞ-exact
∈
[
d∇ζ
]
Ξ
,
9Recall Def. 3.5.
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i.e.
[
d∇ζ ′
]
Ξ
=
[
d∇ζ
]
Ξ
, and the latter shows
[
d∇˜
λ
ζ˜λ
]
Ξ
=
[
d∇ζ
]
Ξ
.
Thence, by using Prop. 4.10, i.e. one can reach every other Lie derivation law covering Ξ by using
the field redefinition 3.6, one can freely change the Lie derivation law covering Ξ by Eq. (32),
and by Lemma 5.5 it doesn’t matter which ζ is used. 
This clearly motivates the following definition of Mackenzie’s obstruction class.
Definition 5.7: The obstruction class of couplings,
[2, §7.2, comment after Theorem 7.2.12; page 277]
Let (K,Ξ) be a pairing of TN , and let ∇ be any Lie derivation law covering Ξ. Also let ζ
be any element of Ω2(N ;K) that satisfies compatibility condition (7) with respect to ∇.
Then we define the obstruction class of Ξ by
Obs(Ξ) :=
[
d∇ζ
]
Ξ
. (36)
We immediately get a first result related to CYMH GT.
Corollary 5.8: First approach of obstruction for CYMH GT on LABs
Let (K,Ξ) be a pairing of TN , and let ∇ be a fixed Lie derivation law covering Ξ.
Then we have
∃ a field redefinition as in 3.6 : ∇˜λ is flat ⇒ Obs(Ξ) = 0 ∈ H3
(
TN,dΞ, Z(K)
)
.
Or, equivalently, if there is a flat Lie derivation law covering Ξ then Obs(Ξ) = 0.
Proof.
Let ζ be any element of Ω2(N ;K) that satisfies compatibility condition (7) with respect to ∇.
When there is a field redefinition such that ∇˜λ is flat then we can conclude that ζ˜λ has only
values in Z(K) by compatibility condition (7). But then we arrive at
Obs(Ξ) =
[
d∇ζ
]
Ξ
Eq. (32)
=
[
d∇˜
λ
ζ˜λ
]
Ξ
Thm. 5.3
=
[
dΞζ˜λ
]
Ξ
= 0.
The last statement simply follows by Prop. 4.10. 
5.2. Mackenzie’s theory about extensions of tangent bundles
We now want to study when the obstruction is zero and when it implies the existence of a flat Lie
derivation law covering Ξ. To understand this, we need to understand why Mackenzie studied
this obstruction class, too. Mackenzie was interested into whether or not a Lie algebroid can
be extended by an LAB; we are going to state Mackenzie’s statements in the special situation
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of having TN as the Lie algebroid. But the arguments and calculations do not really differ; in
the context of gauge theory we just need to study TN . Many proofs are very straightforward
and/or extremely long, so, we refer to the references for the proofs, we will not repeat them.
Definition 5.9: Extension of tangent bundles by LABs and transversals,
[2, §7.1, Definition 7.1.11, page 266, and Definition 7.3.1, page
277]
Let K → N be an LAB. Then an extension of TN by K is a short exact sequence of
Lie algebroids over N
K E TN.ι π (37)
A transversal of (37) is a vector bundle morphism χ : TN → E such that π ◦ χ = 1TN .
Remarks 5.10.
We will, as usual, denote the Lie bracket of E by [·, ·]E , and π is its anchor due to the fact that
π is anchor-preserving.
To a given transversal we are able to define a Lie derivation law covering some Lie algebroid
morphism Ξ : TN → Out(DDer(K)).
Proposition 5.11: Lie derivation law of a transversal,
[2, §7.3, Proposition 7.3.2 and Lemma 7.3.3, replace A with
TN and A′ with E; page 278]
Let
K E TNι π
be an extension of TN by an LAB K → N , and let χ be any transversal. Then a
connection ∇χ on K, given by
ι(∇χY µ) = [χ(Y ), ι(µ)]E (38)
for all Y ∈ X(N) and µ ∈ Γ(K), describes a Lie derivation law covering some Lie algebroid
morphism Ξ : TN → Out(DDer(K)).
Furthermore, the Lie algebroid morphism covered by ∇χ is the same for all transversals χ.
Corollary 5.12: All transversals results into the same covered pairing,
[2, §7.3, comment after Lemma 7.3.3, replace A with TN and
A′ with E; page 278]
Let
K E TNι π
be an extension of TN by an LAB K → N , and let χ and χ′ be two transversals.
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Then
♯ ◦ ∇χ = ♯ ◦ ∇χ
′
.
This immediately leads to the following definition.
Definition 5.13: Pairing induced by an extension,
[2, §7.3, Definition 7.3.4, replace A with TN and A′ with E;
page 278]
Let
K E TNι π
be an extension of TN by an LAB K → N , and let χ be any transversal.
Then the pairing Ξext := ♯ ◦ ∇
χ : TN → Out(DDer(K)) is the pairing of TN with K
induced by the extension.
Finally we can state what Mackenzie has shown about the obstruction class.
Theorem 5.14: Obstruction of an extension,
[2, §7.3, Proposition 7.3.6, page 279, Corollary 7.3.9 and the
comment afterwards, page 281; replace A with TN and A′ with
E]
Let (K,Ξ) be a pairing of TN .
Then there is an extension
K E TNι π
of TN byK such that Ξext = Ξ if and only if Obs(Ξ) = 0 ∈ H
3
(
TN,dΞ, Z(K)
)
. Moreover,
for all Lie derivation laws ∇ covering Ξ there is a transversal χ such that
∇ = ∇χ.
By Cor. 5.8 we see that the question about whether there is a field redefinition in sense of 3.6
to arrive at a pre-classical gauge theory, i.e. when ∇ is flat, is related to the existence of an
extension of TN by K.
When we are just interested into local behaviours then we might assume thatN is contractible.
Theorem 5.15: Extensions over contractible manifolds,
[2, §8.2, Theorem 8.2.1, replace A with E, L with K and TM
with TN ; page 314]
Let
K E TNι π
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be an extension of TN by an LAB K over a contractible manifold N . Then there is a
flat Lie derivation law covering ΞExt.
a
aMackenzie stated that E admits a flat connection, with that they actually mean that it is a flat Lie
derivation law covering ΞExt.
5.3. Results
In total we derive therefore the following two statements, the first can be seen as a generalization
of Cor. 4.12.
Theorem 5.16: Local existence of pre-classical gauge theory
Let (K,Ξ) be a pairing of TN over a contractible manifold N , and let ∇ be a fixed Lie
derivation law covering Ξ.
Then we have a field redefinition in sense of 3.6, i.e. there is a λ ∈ Ω1(N ;K) such that
∇˜λ is flat.
Proof.
We only need to show that Obs(Ξ) =
[
d∇ζ
]
Ξ
= 0, where ζ ∈ Ω2(N ;K) such that compatibility
condition (7) is satisfied. As given in Thm. 5.3 the central representation dΞ of Ξ is basically
d∇
Z(K)
where ∇Z(K) is ∇ restricted on the subbundle Z(K), and we have shown that ∇Z(K)
is flat by compatibility condition (7). Due to the fact that N is contractible, we have a global
parallel frame (ea)a for Z(K) with respect to ∇
Z(K).
By Prop. 5.1 we have d∇ζ ∈ Ω3(N ;Z(K)), thence, we can write d∇ζ = ωa ⊗ ea with ω
a ∈
Ω3(N). We arrive at
dΞd∇ζ = dωa ⊗ ea,
where d is the standard deRham differential. So, the differential breaks down to the standard
differential in each component, especially closedness and exactness mean to be closed and exact
in each component with respect to (ea)a, respectively. By Lemma 5.4 we have d
Ξd∇ζ = 0, thus,
dωa = 0. Again due to that N is contractible, we can conclude that closedness implies exactness
by the Poincare´ lemma. Thence, Obs(Ξ) = 0.
By Thm. 5.14 we have an extension
K E TN.ι π
such that Ξext = Ξ, and, hence, a flat Lie derivation law covering Ξ by Thm. 5.15. By Prop. 4.10
the existence of the field redefinition to a flat derivation law covering Ξ follows. 
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Theorem 5.17: Possible new and curved gauge theories on LABs
Let (K,Ξ) be a pairing of TN with Obs(Ξ) 6= 0 and such that the fibre Lie algebra g
admits an ad-invariant scalar product.
Then we can construct a CYMH GT for which there is no field redefinition with what it
would become pre-classical.
Proof.
Take any Lie derivation law ∇ covering Ξ (recall the second paragraph of Remark 4.9 about the
existence of ∇ for a given Ξ). By Thm. 4.8 this connection satisfies compatibility conditions (6)
and (7). Together with the existence of an ad-invariant scalar product we have everything what
we need to construct a CYMH GT in sense of 3.1.
Due to Obs(Ξ) 6= 0 and Cor. 5.8 the statement follows. 
Hence, we have shown that Obs(Ξ) is not just an obstruction for extensions of TN , it also
leads to an obstruction for the question about whether or not a CYMH GT can be transformed
to a pre-classical gauge theory by a field redefinition. However, Mackenzie also has shown that
there are examples with zero obstruction class but without a flat Lie derivation law covering the
pairing. Thus, there is in general only for contractible N an equivalence of Obs(Ξ) = 0 and the
existence of flat Lie derivation laws covering a pairing.
Example 5.18: The isotropy of a Hopf bundle, [2, Example 7.3.20; page 287]
Let P be the Hopf bundle
SU(2) S7
S4
Then for the adjoint bundle
K := P ×SU(2) su(2) :=
(
S
7 × su(2)
)/
SU(2)
we have the Atiyah sequence
K TP
/
SU(2) TS4.ι π
of TS4 by K. We can view this sequence as an extension.
Then Obs(ΞExt) = 0, but there is no flat derivation law, especially no flat derivation law
covering ΞExt.
Remarks 5.19.
The fibre of K is given by su(2), and, thence, the existence of an ad-invariant scalar product is
given. Therefore this gives an example of a CYMH GT as in 3.1 by taking any fibre metric κ on
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K which restricts to an ad-invariant scalar product on each fibre, and taking any Lie derivation
law ∇ covering ΞExt such that the existence of a ζ ∈ Ω
2(N ;K) as in compatibility condition (7)
is given. By Prop. 4.10 this example shows that there is no field redefinition as in 3.6 such that
this gauge theory would become pre-classical.
6. Existence of non-vanishing ζ stable under the field redefinition
When one is interested into perturbation theory, especially just in a local theory, then Thm. 5.16
seems to show that locally one can not hope for new gauge theories, especially ones related to
non-flat ∇. However, we still have the two-form ζ. As argued in Rem. 3.8 on the example of
abelian K there is the existence of gauge theories which are never classical, not even locally, by
choosing d∇ζ 6= 0. We can transform them locally to pre-classical ones by Thm. 5.16 but surely
not always to classical ones.
Theorem 6.1: Existence of LABs giving rise to non-classical gauge theories
Let K → N be an LAB , ∇ a connection satisfying compatibility conditions (6) and (7)
with respect to a given ζ ∈ Ω2(N ;K) such that d∇ζ 6= 0.
Then there is no λ ∈ Ω1(N ;K) as in 3.6 such that ζ˜λ = 0.
Proof.
We have a 2-form ζ ∈ Ω2(N ;K) such that
d∇ζ 6= 0.
By Eq. (32) we have d∇˜
λ
ζ˜λ = d∇ζ for all λ ∈ Ω1(N ;K). When there would be a field redefinition
leading to a classical gauge theory, then ζ˜λ = 0 but then also d∇˜
λ
ζ˜λ = 0. Thence, by d∇ζ 6= 0
the statement follows. 
Starting with a standard Yang-Mills gauge theory with an additional free physical field X
with a Lagrangian similar to the Higgs field, we have a canonical construction when the centre
of the Lie algebra is non-trivial.
Corollary 6.2: Canonical construction of non-classical gauge theories
Let g be a Lie algebra with non-zero centre and admitting an ad-invariant scalar product.
Also let (N, g) be any Riemannian manifold with at least three dimensions, andK = N×g
be a trivial LAB over N , equipped with the canonical flat connection ∇ and a metric κ
which restricts to an ad-invariant scalar product on each fibre.
Then there is a ζ ∈ Ω2(N ;Z(K)) in sense of 3.1, with d∇ζ 6= 0, such that this set-up de-
scribes a non-classical YMH GT with respect to an arbitrary spacetime M . Additionally,
there is no λ ∈ Ω1(N ;K) as in 3.6 such that ζ˜λ = 0.
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Proof.
By the assumptions we have everything we need to formulate a YMH GT for a given spacetime
M , following 3.1; as in the third paragraph of Remark 3.4, compatibility condition (6) follows
by testing this condition with respect to a constant frame. For compatibility condition (7) just
take any element of Ω2(N ;Z(K)), denoted as ζ, then this condition is trivially satisfied because
∇ is flat and ζ only has values in the centre of K.
Since N is three-dimensional and Z(K) is non-zero, we can then conclude the existence of
d∇ζ 6= 0. For this recall that d∇ζ is still a centre-valued form by Eq. (31) and that d∇ is then
just the differential dΞ for Ξ := ♯ ◦ ∇ as in Thm. 5.3. Therefore we only need to take any
non-dΞ-closed centre-valued form ζ, of which there are plenty. The non-existence of a λ with
ζ˜λ = 0 then follows by Thm. 6.1. 
7. The Bianchi identity of the new field strength
We conclude this paper with an interpretation of d∇ζ, and for this we need to calculate the
Bianchi identity of the field strength. Hence, we need to understand how X∗∇ behaves.
Proposition 7.1: Pull-Back of a Lie derivation law covering a pairing
Let K → N be an LAB, equipped with a connection ∇ satisfying compatibility
condition (6); also let M be another smooth manifold and X : M → N a smooth map.
Then X∗∇ also satisfies compatibility condition (6) with respect to X∗K.
When ∇ satisfies compatibility condition (7) with respect to a ζ ∈ Ω2(N ;K), not neces-
sarily assuming (6), then this extends to X∗K, too, i.e.
RX∗∇ = ad
∗ ◦X !ζ, (39)
viewing the curvature as an element of Ω2(M ;X∗K).
Remarks 7.2.
By Thm. 4.8, we get that the pull-back of a Lie derivation law of K covering the Lie algebroid
morphism ♯ ◦ ∇ is a Lie derivation law of X∗K covering the Lie algebroid morphism ♯ ◦X∗∇.
Proof.
• We can show
X∗∇ ([X∗µ,X∗ν]X∗K)︸ ︷︷ ︸
= X∗([µ,ν]K)
Eq. (A.9)
= X !(∇([µ, ν]K))
Eq. (6)
= X !([∇µ, ν]K + [µ,∇ν]K)
Eq. (A.5)
=
[
X !(∇µ),X∗ν
]
X∗K
+
[
X∗µ,X !(∇ν)
]
X∗K
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Eq. (A.9)
= [(X∗∇)(X∗µ),X∗ν]X∗K + [X
∗µ, (X∗∇)(X∗ν)]X∗K
for all µ, ν ∈ Γ(K). Since pull-backs of Γ(K) generate Γ(X∗K) and since (6) is a tensorial
equation, we can derive that X∗∇ also satisfies compatibility condition (6) with respect to the
LAB X∗K.
• Now let ∇ satisfy compatibility condition (7), and recall that in general curvatures satisfy
R∇ν =
(
d∇
)2
ν ∈ Ω2(N ;K)
for all ν ∈ Γ(K) (see also [3, §5, third part of Exercise 5.15.12; page 316]). Then apply Eq. (A.1)
to get
RX∗∇(X
∗ν) =
(
dX
∗∇
)2
(X∗ν) = X !
((
d∇
)2
ν
)
Eq. (7)
= X !([ζ, ν]K)
Eq. (A.5)
=
[
X !ζ,X∗ν
]
X∗K
,
such that RX∗∇ = ad
∗ ◦X !ζ follows, by using again that pull-backs of Γ(K) generate Γ(X∗K).

Using this we calculate the Bianchi identity for the field strength G.
Theorem 7.3: Bianchi identity of the field strength
Let M and N be smooth manifolds, K → N an LAB, X : M → N a smooth map, and
∇ a connection satisfying compatibility conditions (6) and (7) with respect to a given
ζ ∈ Ω2(N ;K).
Then
dX
∗∇G+ [A ∧, G]X∗K = X
!
(
d∇ζ
)
, (40)
where
G = dX
∗∇A+
1
2
[A ∧, A]X∗K +X
!ζ
is the field strength of a A ∈ Ω1(M ;X∗K).
Remarks 7.4.
This clearly generalizes the standard Bianchi identity for field strengths, as e.g. given in [3, §5,
Theorem 5.14.2; page 311]: Take a trivial LABK equipped with its canonical flat connection and
ζ ≡ 0. Then we arrive at the typical Bianchi identity. In general, we get dX
∗∇G+[A ∧, G]X∗K = 0
when d∇ζ = 0, which resembles strongly the standard Bianchi identity, but covariantized. Hence,
we say that G satisfies the Bianchi identity if and only if dX
∗∇G+ [A ∧, G]X∗K = 0.
Proof.
The calculation is similarly to the standard calculation of the standard formulation of the Bianchi
identity as in [3, §5, Theorem 5.14.2; page 311], making use of compatibility condition (6) needed
for Eq. (A.10). We have, viewing the curvature RX∗∇ as an element of Ω
2(M ; End(X∗K)),(
dX
∗∇
)2
A = RX∗∇ ∧A
Eq. (39)
=
(
ad∗ ◦X !ζ
)
∧A
Eq. (A.4)
=
[
X !ζ ∧, A
]
X∗K
Eq. (A.6)
= −
[
A ∧, X !ζ
]
X∗K
,
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dX
∗∇([A ∧, A]X∗K)
Eq. (A.10)
=
[
dX
∗∇A ∧, A
]
X∗K
−
[
A ∧, dX
∗∇A
]
X∗K
Eq. (A.6)
= −2
[
A ∧, dX
∗∇A
]
X∗K
,
[A ∧, [A ∧, A]X∗K ]X∗K
Eq. (A.7)
= 0,
dX
∗∇
(
X !ζ
)
Eq. (A.1)
= X !
(
d∇ζ
)
,
and, using all of these, we arrive at
dX
∗∇G+ [A ∧, G]X∗K
Def. (8)
= X !
(
d∇ζ
)
.

Thence, d∇ζ measures the failure of the Bianchi identity of the field strength G. For example,
applying Cor. 6.2 to the Yang-Mills gauge theory of electromagnetism, i.e. the Lie algebra is
given by g = u(1), would result into a gauge theory where there is no (vector) potential of the
field strength as usual, so, G could not be written as d∇Â for some Â ∈ Ω1(N ;X∗K).10
8. Conclusion
We have restated a covariantized theory of gauge theory, allowing non-flat vector bundle connec-
tions ∇ on the Lie algebra with an additional 2-form ζ in the field strength, originally introduced
by Alexei Kotov and Thomas Strobl, but here just using Lie algebra bundles which resembles
Yang-Mills-Higgs gauge theories but without minimal coupling of the gauge bosons to the Higgs
field, i.e. the context is here given by massless gauge bosons. Additionally, there is a field redef-
inition which keeps the Lagrangian invariant, but which might lead to a standard formulation
of gauge theory. With this redefinition it is also possible to motivate ζ, then it is not just an
auxiliary map allowing non-flat connections by compatibility condition (7).
Using the compatibility conditions, we were able to see that the studied connection ∇ is a
Lie derivation law covering a Lie algebroid morphism Ξ : TN → Out(DDer(K)), the latter then
given by Ξ = ♯ ◦ ∇.
We have seen that the field redefinitions and the question about, whether or not we can
transform to a pre-classical gauge theory, where∇ is flat, has a strong relationship to Mackenzie’s
study about extending tangent bundles with LABs over the same base in sense of Lie algebroids.
Using Mackenzie’s results, we were able to use an obstruction class Obs(Ξ) and to argue that
locally we can always transform to a pre-classical gauge theory, while globally it is a different
question: Having a non-trivial obstruction class leads quickly to a non-pre-classical gauge theory,
while even a trivial obstruction class can still imply a non-pre-classical theory.
The obstruction class is also strongly related to d∇ζ, an invariant of the field redefinition.
Studying this object leads to the quick result that d∇ζ 6= 0 already implies that there is no field
redefinition leading to a classical theory because then ζ cannot vanish after any field redefinition.
10Recall that d∇ is a differential since ∇ is flat in that situation.
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This condition implies the failure of the (covariantized) Bianchi identity of the field strength.
Moreover, there is a canonical construction of such a theory with d∇ζ 6= 0 when starting with a
classical theory.
But all of this really needs the additional free physical field X without minimal coupling.
Of course, (C)YMH GT is also formulated with minimal coupling, making use of general Lie
algebroids, especially with non-zero anchor. Internally, the concepts presented here are mostly
already generalized and will be presented in another paper.
Acknowledgements: I want to thank Mark John David Hamilton, Anna Dall’Acqua, Alessan-
dra Frabetti, Anton Alekseev and Maxim Efremov for their great help and support in making
this paper and my PhD.
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A. Identities for the calculus given in (C)YMH GT
Proposition A.1: Several useful identities
Let M and N be two smooth manifolds, K → N a vector bundle, X :M → N a smooth
map, ∇ a connection on K, and k, l,m ∈ N0. Then we have
dX
∗∇
(
X !ω
)
= X !
(
d∇ω
)
, (A.1)
d∇+Dω = d∇ω +D ∧ ω, , (A.2)
d∇(T ∧ ω) = d∇T ∧ ω + (−1)m T ∧ d∇ω (A.3)
for all ω ∈ Ωl(N ;K), ψ ∈ Ωk(N ;K), D ∈ Ω1(N ; End(K)), and T ∈ Ωm(N ; End(K)).
When K is additionally an LAB, then we also have
(ad ◦ ω) ∧ ψ = [ω ∧, ψ]K , (A.4)
X !([ω ∧, ψ]K) =
[
X !ω ∧, X !ψ
]
X∗K
, (A.5)
[ω ∧, ψ]K = −(−1)
lk [ψ ∧, ω]K , (A.6)
[ω ∧, [ω ∧, ω]K ]K = 0, (A.7)
ad∗ ◦X !ω = X !(ad ◦ ω) (A.8)
for all ω ∈ Ωl(N ;K), ψ ∈ Ωk(N ;K), and smooth maps X :M → N , where we write ad∗
for the adjoint representation with respect to [·, ·]X∗K .
Remarks A.2.
Eq. (A.6) and Eq. (A.7) are generalizations of similar expressions just using the Lie algebra
bracket [·, ·]g of a Lie algebra g, which basically is the formulation on trivial LABs, see [3, §5, first
and second statement of Exercise 5.15.14; page 316]. Eq. (A.3) is of course the typical Leibniz
rule of the exterior covariant derivative just extended to the wedge-product with End(K)-valued
forms, and Eq. (A.1) is a generalization of the well-known X !◦d = d◦X !, where d is the de-Rham
differential (we omit to clarify on which manifold; this should be given by the context).
Proof.
• Recall that we have the following property of the pullback connection
(X∗∇)Y (X
∗µ) = X∗
(
∇DX(Y )µ
)
for all Y ∈ X(M), smooth maps X : M → N , connections ∇, and µ ∈ Γ(K), shortly writing
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as11
(X∗∇)(X∗µ) = X∗(∇DXµ) = X
!(∇µ), (A.9)
viewing terms like ∇µ as an element of Ω1(N ;K), X(N) ∋ ξ 7→ ∇ξµ, such that we can apply
Eq. (3). That extends to exterior covariant derivatives by fixing a local frame (ea)a of K (also
used in the following), then we have ωa ∈ Ωl(U) (l ∈ N0) such that locally
ω = ωa ⊗ ea
for all ω ∈ Ωl(N ;K). The pull-back of forms clearly splits over this tensor product by its
definition, i.e.
X !ω = X !ωa ⊗X∗ea,
and the exterior covariant derivative is then calculated by
dX
∗∇
(
X !ω
)
= d
(
X !wa
)
︸ ︷︷ ︸
=X!(dωa)
⊗ X∗ea + (−1)
l X !wa ∧ (X∗∇)(X∗ea)︸ ︷︷ ︸
Eq. (A.9)
= X!(∇ea)
= X !
(
dωa ⊗ ea + (−1)
l ωa ∧∇ea
)
= X !
(
d∇ω
)
.
• Observe
d∇+Dω = dωa ⊗ ea + (−1)
l ωa ∧ (∇+D)ea = d
∇ω +D ∧ ω
for all ω ∈ Ωl(N ;K), D ∈ Ω1(N ;K), and connections ∇ on K.
• Now let T ∈ Ωm(N ; End(K)) and (La)a a frame of End(K), such that we can write T =
T a ⊗ La, then
d∇(T ∧ ω) = d∇(T (ea) ∧ ω
a) = d∇(T (ea)) ∧ ω
a + (−1)m T (ea) ∧ dω
a
for all ω ∈ Ωl(N ;K), and
(
d∇T
)
(ea) = dT
b ⊗ Lb(ea) + (−1)
m T b ∧ (∇Lb)(ea)︸ ︷︷ ︸
= ∇(Lb(ea))−Lb(∇ea)
= d∇(T (ea))− (−1)
m T b ∧ Lb(∇ea)
= d∇(T (ea))− (−1)
m
(
T b ⊗ Lb(ec)
)
︸ ︷︷ ︸
= T (ec)
∧ (∇ea)
c
11Recall that the pull-back of forms is denoted with an exclamation mark.
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= d∇(T (ea))− (−1)
m T ∧∇ea
⇔ d∇(T (ea)) =
(
d∇T
)
(ea) + (−1)
m T ∧∇ea.
Combining both equations, we arrive at
d∇(T ∧ ω) = d∇T ∧ ω + (−1)m T (ea) ∧
(
dωa + (−1)l wb ∧ (∇eb)
a
)
= d∇T ∧ ω + (−1)m T ∧ d∇ω.
In the following let K also be an LAB.
• We also have
((ad ◦ ω)︸ ︷︷ ︸
∈ Ωl(N ; End(K))
∧ ψ)(Y1, . . . , Yl+k)
Def. (1)
=
1
k!l!
∑
σ∈Sk+l
sgn(σ)
[
ω(Yσ(1), . . . , Yσ(l)), ψ(Yσ(l+1) , . . . , Yσ(l+k)
]
K
Def. 2.1
= [ω ∧, ψ]K(Y1, . . . , Yl+k)
for all w ∈ Ωl(N ;K), ψ ∈ Ωk(N ;K), and Y1, . . . , Yl+k ∈ X(N), where Sk+l is the group of
permutations {1, . . . , k + l}.
• By definition of X∗K we have
[X∗µ,X∗ν]X∗K = X
∗([µ, ν]K)
for all smooth maps X : M → N and µ, ν ∈ Γ(K). Let (ea)a be again a fixed frame of K,
ω = ωa ⊗ ea ∈ Ω
l(N ;K) and ψ = ψa ⊗ ea ∈ Ω
k(N ;K), then, again using Def. 2.1,
X !([ω ∧, ψ]K) = X
!
(
[ea, eb]K ⊗ ω
a ∧ ψb
)
= X∗([ea, eb]K)︸ ︷︷ ︸
= [X∗ea,X∗eb]X∗K
⊗X !ωa ∧X !ψb =
[
X !ω ∧, X !ψ
]
X∗K
.
• The antisymmetry of the Lie bracket generalizes to
[ω ∧, ψ]K = [ea, eb]K︸ ︷︷ ︸
= −[eb,ea]K
⊗ ωa ∧ ψb︸ ︷︷ ︸
= (−1)lkψb∧ωa
= −(−1)lk [ψ ∧, ω]K
for all ω ∈ Ωl(N ;K) and ψ ∈ Ωk(N ;K).
• Let (ea)a be still a local frame of K, then
[ω ∧, [ω ∧, ω]K ]K
Eq. (A.6)
= −(−1)2l
2
[[ω ∧, ω]K
∧, ω]
K
= − [[ea, eb]K , ec]K︸ ︷︷ ︸
Jacobi
= [ea,[eb,ec]K ]K+[eb,[ec,ea]K ]K
⊗ ωa ∧ ωb ∧ ωc
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= −[ω ∧, [ω ∧, ω]K ]K − [eb, [ec, ea]K ]K ⊗ ω
a ∧ ωb ∧ ωc︸ ︷︷ ︸
= (−1)2l
2
ωb∧ωc∧ωa
= −2 [ω ∧, [ω ∧, ω]K ]K
⇔ [ω ∧, [ω ∧, ω]K ]K = 0
for all ω ∈ Ωl(N ;K).
• We also have[
X !ω,X∗µ
]
X∗K
Eq. (A.5)
= X !([ω, µ]K) = X
!
(
(ad ◦ ω)(µ)
)
=
(
X !(ad ◦ ω)
)
︸ ︷︷ ︸
∈ Ω1(M ; End(X∗K))
(X∗µ)
for all µ ∈ Γ(K), ω ∈ Ωl(N ;K), and smooth maps X :M → N , where we used (X∗T )(X∗µ) =
X∗(T (µ)) for all T ∈ Γ(End(K)) for the last equality. Since sections of X∗K are generated by
pullbacks of sections of K, we can conclude
ad∗ ◦X !λ = X !(ad ◦ λ).

When we add the compatibility conditions (6), then we have a few more identities.
Corollary A.3: Identities related to compatibility conditions
Let K → N be an LAB, equipped with a connection ∇ satisfying compatibility con-
dition (6); also let M be another smooth manifold and X : M → N a smooth map.
Then
d∇([ω ∧, ψ]K) =
[
d∇ω ∧, ψ
]
K
+ (−1)l
[
ω ∧, d∇ψ
]
K
, (A.10)
d∇(ad ◦ ω) = ad ◦ d∇ω (A.11)
for all ω ∈ Ωl(N ;K) and ψ ∈ Ωk(N ;K).
Remarks A.4.
Eq. (A.10) is a direct generalization of [3, §5, third statement of Exercise 5.15.14 where it is
stated for g (trivial LAB with canonical flat connection); page 316].
Proof.
• Using compatibility condition (6) and a local frame (ea)a of K,
d∇([ω ∧, ψ]K) = d
∇
(
[ea, eb]K ⊗ ω
a ∧ ψb
)
= ∇([ea, eb]K)︸ ︷︷ ︸
= [∇ea,eb]K+[ea,∇eb]K
∧ ωa ∧ ψb + [ea, eb]K ⊗ dω
a ∧ ψb
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+ (−1)l [ea, eb]K ⊗ ω
a ∧ dψb
= [ea, eb]K ⊗ (∇ec)
a ∧ ωc ∧ ψb + (−1)l [ea, eb]K ⊗ ω
a ∧ (∇ec)
b ∧ ψc
+ [ea, eb]K ⊗ dω
a ∧ ψb + (−1)l [ea, eb]K ⊗ ω
a ∧ dψb
= [ea, eb]K ⊗
((
(∇ec)
a ∧ ωc + dωa︸ ︷︷ ︸
= (d∇ω)a
)
∧ ψb + (−1)l ωa ∧
(
(∇ec)
b ∧ ψc + dψb
))
=
[
d∇ω ∧, ψ
]
K
+ (−1)l
[
ω ∧, d∇ψ
]
K
for all ω ∈ Ωl(N ;K) and ψ ∈ Ωk(N ;K).
• Then by Eq. (A.3) and (A.4), we get
d∇([ω ∧, ψ]K) = d
∇((ad ◦ ω) ∧ ψ) = d∇((ad ◦ ω)) ∧ ψ + (−1)l (ad ◦ ω) ∧ d∇ψ,
and we can rewrite Eq. (A.10)
d∇([ω ∧, ψ]K) =
(
ad ◦ d∇ω
)
∧ ψ + (−1)l (ad ◦ ω) ∧ d∇ψ.
Combining both, we have
d∇((ad ◦ ω)) ∧ ψ =
(
ad ◦ d∇ω
)
∧ ψ
for all ω ∈ Ωl(N ;K) and ψ ∈ Ωk(N ;K). By (locally) using the 0-forms ψ = ea for all a, this
implies Eq. (A.11). 
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